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Abstract
A novel methodology is developed to estimate the critical condition for shear localization of thermo-
visco-plastic single crystalline material. This method considers crystallography of the single crystal along
with the mechanical and thermo-dynamical parameters. The single crystalline material is assumed to be en-
dowed with two slip systems and it accommodates the imposed deformation following the rate-independent
rigid-plasticity theory. The stability analysis on a system of equations describing plastic deformation, linear
momentum balance and Fourier law of heat transfer is studied by linear perturbation method. Under simple
shear loading, this methodology is applied to map out regions of shear localization in the lattice orientation
space.
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1. Introduction
Shear localization can be observed in diﬀerent applications like metal forming, machining
and impact. The dependency of shear localization on material property and loading conditions
is studied and reported in the literature [1]. The materials under high strain rate loading develops
adiabatic shear band (ASB) [1], and isothermal shear band or simply shear band (SB) [2] can be
seen under quasi-static loading conditions.
The macroscopic condition for shear localization is considered to be an instability of macro-
scopic constitutive law of homogeneous deformation [3]. In which, the localization begins when
the elasto-plastic ﬁeld allows an inhomogeneous velocity ﬁeld as a solution to the constitutive
equations. Later, the onset of instability characterized in-terms of density, thermal conductiv-
ity, speciﬁc heat and strain rate using perturbation techniques, and the inhomogeneity initiated
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by perturbing either geometry or temperature or strain. Diﬀerent perturbation techniques like
linear [4], non-linear [5] and relative [6] schemes are used to study the formation and width of
shear band. All these predictions are restricted to macroscopic domain and it fails to incorporate
instability due to crystallography.
The crystallography based deformation of material gives more physical understanding. In
the context of crystal plasticity, plastic deformation accommodated by dislocation motion along
the crystallographic slip planes. The set of slip systems that accommodate the deformation and
its slip rates diﬀers for diﬀerent lattice orientation, and it gives diﬀerent lattice spin also. The
lattice rotation induced orientational instability considered as a indication of shear localization
and later such a lattice rotation introduce the local geometrical softening [7]. Recently, shear
banding theory of Mahesh [8] shows the dependency of crystallography on shear localization.
Experimental observations reported in the literature also conﬁrm the crystallography dependence
of shear localization [2]. All these theoretical and experimental works are limited to microscopic
scale and does not bring macroscopic dependence of shear localization as discussed previously.
The present work develops the critical condition for shear localization using linear perturbation
technique while the macroscopic and microscopic dependence considered together.
2. Standard rate-independent crystal plasticity
The single crystal is assumed to deform through plastic slip following a rigid-plastic rate-
independent volume preserving constitutive law. Following Taylor-Bishop-Hill formulation [9],
the imposed strain-rate tensor, ˙, can be written as
˙ = (L + LT )/2 =
S∑
s=1
γ˙sms, (1)
where L denotes the imposed velocity gradient, γ˙s denotes the slip-rate of slip system s ∈
{1, 2, . . . , S } and ms denotes the Schmid tensor of slip system s
ms = (bs ⊗ ns + ns ⊗ bs)/2, (2)
where bs is the unit slip directional vector of slip system s with slip plane normal ns. The additive
decomposition of imposed velocity gradient, L,
L = Lss +Ωlat, (3)
where Lss denotes the slip tensor andΩlat denotes the lattice spin. The slip tensor interms of slip
rate [9],
Lss =
S∑
s=1
γ˙sbs ⊗ ns. (4)
Schmid’s law states that slip system s may have non-zero slip-rate only if the resolved shear
stress, σ : ms ≡ tr(σmsT ), equals the critical resolved shear stress (CRSS), τs, [9]. Thus,
γ˙s
⎧⎪⎪⎨⎪⎪⎩
≥ 0, if σ : ms = τs,
= 0, if σ : ms < τs.
(5)
Where σ = T − pI be the deviatoric part of the Cauchy stress T, when p = tr(T)/3 denotes the
hydrostatic pressure.
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Schmid’s law automatically satisﬁed, if the set of slip-rates {γ˙s, s ∈ {1, . . . , S }} that respect
Eq. (1) for prescribed ˙ while minimizing the plastic power of deformation, [10],
Wp =
S∑
s=1
τsγ˙s. (6)
Assume that the evolution of critical resolved shear stress (τs) follows the standard form [9]
τ˙s =
dτ
dΓ
S∑
s′=1
Hss′ |γ˙s′ |, (7)
where [H] is the latent hardening matrix, Γ = ∑Ss=1 γs is the total accumulated slip and γs is the
slip in the slip system s. Rename dτdΓ as ζ for the purpose of simplicity.
3. Material and loading description
The assumptions that are considered in this problem summarized as follows
1. The amount of heat generated during the plastic deformation,
q = βWp, (8)
where β is the Taylor-Quinney factor and Wp is the plastic power of deformation (Eq. (6)).
2. The present work considers two-dimensional single crystal subjected to simple shear de-
formation with lab frame ﬁxed xy co-ordinate system. The material point in the crystal is
assumed to deform only in x-direction with the displacement of u = u(x, y), and there is
no displacement in y-direction, i.e., v = 0.
3. The variation of state variables in the x-direction is assumed to be very small and neglected,
when compared with y-directional variation. For example the normal strain component
xx =
∂u
∂x
is neglected when compared with the shear strain xy = γ = ∂u∂y .
4. The subscript comma represents the spatial derivative and over-headed dot represents the
time derivative. For example, θ,1 = ∂θ∂x and θ,2 =
∂θ
∂y , and ˙θ =
dθ
dt .
The linear momentum balance equation of the material point in indical notation
T ji, j + ρ fi = ρu¨i, (9)
where ρ is the density of the material and f is the body force. By neglecting the body force
( f = 0) and following the assumptions 2 and 3, the spatial derivative of Eq. (9) becomes
∂2τ
∂y2
= ρ
∂2γ
∂t2
, (10)
where τ = T12 is the shear stress.
The energy balance equation of the material point
q = ρCv ˙θ + Qi, (11)
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where Cv is the speciﬁc heat, θ is the temperature and Qi are the components of heat ﬂux. Assume
that material obeys the Fourier law of heat conduction with Qi = −λθ,i. Where λ is the thermal
conductivity. Then the Eq. (11) after considering assumption 3 along with Eqs. (8) and (6) gives
β
S∑
s=1
τsγ˙s = ρCv
∂θ
∂t
− λ
∂2θ
∂y2
. (12)
The simpliﬁed version of linear momentum balance equation, Eq. (10), and energy balance
equation, Eq. (12), are considered to be the governing equations of the single crystal when sub-
jected to plastic deformation, ˙, that respect the Eq. (1).
4. Solution methodology
The crystallography of the studied single crystal is shown in Fig. 1(a) and the crystal is
assumed to be endowed with two slip systems (S = 2) whose shear directions bs and shear plane
normals ns are conﬁned to the xy plane. The angle made by the angle bisector of the acute angle
between the slip directions of the two slip systems with the x-axis is denoted ω and the half-acute
angle φ are used to describe the lattice orientation of crystal. The considered hypothetical two-
dimensional crystallography can be related to f.c.c. crystals deforming by double slip provided
π/6 ≤ φ ≤ π/5, [7]. The slip directional and slip plane normal vectors of single crystal is given
by
b{1,2} = {cos(ω ∓ φ); sin(ω ∓ φ)}, n{1,2} = {− sin(ω ∓ φ); cos(ω ∓ φ)}. (13)
Let the crystal is subjected to simple shear deformation with L =
[
0 γ˙
0 0
]
. Using the Eq. (1)
along with Eqs. (2) and (13), the slip-rates can be shown as
γ˙1 =
γ˙ sin 2(ω + φ)
sin 4φ
, and γ˙2 =
−γ˙ sin 2(ω − φ)
sin 4φ
. (14)
The lattice spin of the crystal can be calculated by substituting slip-rates from Eq. (14) into the
Eqs. (3) and (4), and then it can be easily shown that the instantaneous increment in the lattice
orientation, ω,
dω = 1
2
[
1 −
2 cos 2ω sin 2φ
sin 4φ
]
dγ. (15)
For the case of S = 2, assume H =
[
1 h
h 1
]
, where h indicates the latent hardening.
4.1. Perturbation Scheme
Let γo, τo, θ0 and ωo be the steady state solution of the Eqs. (10), (12), (1) and (7), that
represents the plastic deformation of single crystal. The initiation of shear localization due to
shear instability is considered as transition of steady state solution into the catastrophic nature.
Such a occurrence of instability to the steady solution is studied using the classical perturbation
method. Let the basic variables of the governing equations has the structure of
γ = γo + γ∗e
(αt+iky), γ∗ << γo,
τ = τo + τ∗e
(αt+iky), τ∗ << τo,
θ = θo + θ∗e
(αt+iky), θ∗ << θo,
ω = ωo + ω∗e
(αt+iky), ω∗ << ωo,
(16)
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where γ∗, τ∗, θ∗ and ω∗ indicates the perturbation coeﬃcient of basic variables γ, τ, θ and ω,
respectively.
Substitution of perturbation scheme given in Eq. (16) into the Eqs. (10) and (12) along with
Eq. (14), gives
ρα2γ∗ + k2τ∗ = 0, and
β
sin 4φ
[ατ1 sin 2(ωo + φ) − ατ2 sin 2(ωo − φ)]γ∗ = ρCvαθ∗ + λk2θ∗
(17)
The condition for non-zero slip-rate from Eq. (5), i.e., σ : ms = τs is taken together with
Eqs. (2) and (13) to derive the expression for shear stress, τ, and it can be readily shown that
τ =
τ1 sin 2(ω + φ) − τ2 sin 2(ω − φ)
sin 4φ
. (18)
The rate form of Eq. (18) relates τ∗ with γ∗, after substituting the basic variables from Eq. (16)
and using CRSS evolution from Eq. (7) along with Eq. (14)
τ∗ = Bγ∗, (19)
where
B =
1
(sin 4φ)2 [ζ | sin 2(ωo + φ)| sin 2(ωo + φ) + hζ | sin 2(ωo − φ)| sin 2(ωo + φ)
− hζ | sin 2(ωo + φ)| sin 2(ωo − φ) − ζ | sin 2(ωo − φ)| sin 2(ωo − φ) + {2τ1 cos 2(ωo + φ)
− 2τ2 cos 2(ωo − φ)}(sin 4φ − 2 sin 2φ cos 2ωo)]
(20)
Replacement of slip-rates from Eq. (14) into the constitutive law given in Eq. (1) along with
perturbation scheme gives
γ∗ = Aω∗, (21)
where
A = 2γo
cos 4ωo + cos 4φ
sin 4φ − sin 4ωo
. (22)
Let C be the thermal softening coeﬃcient and assume that crystalline material has thermal
softening also, then the Eq. (19) along with Eq. (21) gives
τ∗ = ABω∗ −Cθ∗. (23)
Substitution of Eqs. (21) and (23) into Eq. (17) gives
(ρα2A + k2AB)ω∗ − k2Cθ∗ = 0, and
αβ
sin 4φ
[τ1 sin 2(ωo + φ) − τ2 sin 2(ωo − φ)]Aω∗ − (ρCvα + λk2)θ∗ = 0.
(24)
The condition for non-trival solution (ω∗  0 & θ∗  0) to the above equation (Eq. (24)) is,
α3 +
λk2
ρCv
α2 +
k2
ρ2Cv sin 4φ
{ρCvB sin 4φ −Cβ[τ1 sin 2(ωo + φ) − τ2 sin 2(ωo − φ)]}α + Bλk
4
ρ2Cv
= 0.
(25)
The crystal is said to be instable if and only α > 0, then the condition for instability becomes,
L =
k2
ρ2Cv sin 4φ
{ρCvB sin 4φ −Cβ[τ1 sin 2(ωo + φ) − τ2 sin 2(ωo − φ)]} < 0. (26)
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5. Numerical observation
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Figure 1: (a) Crystallography of two-dimensional single crystal endowed with two slip systems, (b) the instability pa-
rameter, L, over the entire orientational space: ω = {0, π} and φ = {π/6, π/5}.
The crystalline material is assumed to be copper with the following properties: ρ = 8960kg/m3;
λ = 400W/m◦C; Cv = 385J/kg◦C; C = 106N/m2◦C; τ1 = τ2 = 10; h = 1.4, ζ = 1 and β = 0.9.
The considered lattice orientational space: ω = {0, π} and φ = {π/6, π/5}, and it maps the entire
2D-orientational space of f.c.c. crystals.
The value of instability parameter, L, deﬁned in the Eq. (26), over the entire orientational
space is shown in Fig. 1(b). For the particular choice of ω and φ, the crystal is said to be instable
if L < 0, otherwise it is stable, following the Eq. (26). From the Fig. 1(b), for particular φ, the
unstable lattice orientation is identiﬁed as: φ ≤ ω ≤ π/2 and (π − φ) ≤ ω ≤ π, and the remaining
regions are stable. The instable lattice orientational space for diﬀerent latent hardening values is
obtained (not shown), and it is found to be same for all the values of h.
6. Conclusions
The critical condition for shear instability of rate-independent thermo-visco-plastic single
crystalline material subjected to simple shear deformation has been developed. The condition
for instability deﬁned in Eq. (26) is found to be highly sensitive to the lattice orientation (ω& φ).
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